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Deformation measurement
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v Reminder:

𝒯!
"#$,&'()*(+ =

0 0
0 0
0 𝐵!,,

Deformation measure: curvature

↻𝐵!,# 𝐵!,#
↺
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v Reminder:

𝒯!
"#$,&'()*(+ =

0 0
0 0
0 𝐵!,,

v Curvature:
o In bending, deformation is characterized by the

beam curvature (𝜅), defined as the inverse of
the radius of curvature (𝑅) of its neutral axis.

Deformation measure: curvature

↻𝐵!,# 𝐵!,#
↺

d𝑥

+

𝑅 =
1
𝜅

𝒊�

𝒋

𝒌

𝐶

↻ ↺
𝐵! 𝐵!
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v Reminder:

𝒯!
"#$,&'()*(+ =

0 0
0 0
0 𝐵!,,

v Curvature:
o In bending, deformation is characterized by the

beam curvature (𝜅), defined as the inverse of
the radius of curvature (𝑅) of its neutral axis.

v Infinitesimal rotation of the cross-section:
d𝛼 =

d𝑥
𝑅
⇔
d𝛼
d𝑥

= 𝜅(𝑥)
d𝑥- = (𝑅 − 𝑦)d𝛼

Deformation measure: curvature

↻𝐵!,# 𝐵!,#
↺

d𝑥

+

𝑅 =
1
𝜅

𝒊�

𝒋

𝒌

𝐶

↻ ↺
𝐵! 𝐵!

𝐵#
d𝑥

+ +𝑀 𝑀′

𝒊
�
𝒋

𝒌 d𝑥

+ +𝑀 𝑀′
d𝑥’

+

𝑅 =
1
𝜅

d𝛼

𝒊�

𝒋

𝒌

𝐶

𝑦
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v Reminder:

𝒯!
"#$,&'()*(+ =

0 0
0 0
0 𝐵!,,

v Curvature:
o In bending, deformation is characterized by the

beam curvature (𝜅), defined as the inverse of
the radius of curvature (𝑅) of its neutral axis.

v Infinitesimal rotation of the cross-section:
d𝛼 =

d𝑥
𝑅
⇔
d𝛼
d𝑥

= 𝜅(𝑥)
d𝑥- = (𝑅 − 𝑦)d𝛼

v Axial strain:
o The axial strain (𝜀"") varies along 𝒊 and across 𝒋.

𝜀.. 𝑥, 𝑦 =
d𝑥- − d𝑥

d𝑥
=
(𝑅 − 𝑦)d𝛼 − 𝑅d𝛼

𝑅d𝛼
⇒ 𝜀.. 𝑥, 𝑦 = −

𝑦
𝑅

⇒ 𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)

Deformation measure: curvature

↻𝐵!,# 𝐵!,#
↺

d𝑥

+

𝑅 =
1
𝜅

𝒊�

𝒋

𝒌

𝐶

↻ ↺
𝐵! 𝐵!

𝐵#
d𝑥

+ +𝑀 𝑀′

𝒊
�
𝒋

𝒌 d𝑥

+ +𝑀 𝑀′
d𝑥’

+

𝑅 =
1
𝜅

d𝛼

𝒊�

𝒋

𝒌

𝐶

𝑦
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v Reminder:

𝒯!
"#$,&'()*(+ =

0 0
0 0
0 𝐵!,,

v Curvature:
o In bending, deformation is characterized by the

beam curvature (𝜅), defined as the inverse of
the radius of curvature (𝑅) of its neutral axis.

v Infinitesimal rotation of the cross-section:
d𝛼 =

d𝑥
𝑅
⇔
d𝛼
d𝑥

= 𝜅(𝑥)
d𝑥- = (𝑅 − 𝑦)d𝛼

v Axial strain:
o The axial strain (𝜀"") varies along 𝒊 and across 𝒋.

𝜀.. 𝑥, 𝑦 =
d𝑥- − d𝑥

d𝑥
=
(𝑅 − 𝑦)d𝛼 − 𝑅d𝛼

𝑅d𝛼
⇒ 𝜀.. 𝑥, 𝑦 = −

𝑦
𝑅

⇒ 𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)

Deformation measure: curvature

↻𝐵!,# 𝐵!,#
↺

d𝑥

+

𝑅 =
1
𝜅

𝒊�

𝒋

𝒌

𝐶

↻ ↺
𝐵! 𝐵!

𝐵#
d𝑥

+ +𝑀 𝑀′

𝒊
�
𝒋

𝒌 d𝑥

+ +𝑀 𝑀′
d𝑥’

+

𝑅 =
1
𝜅

d𝛼

𝒊�

𝒋

𝒌

𝐶

𝑦

𝑦 > 0 ⇒ 𝜀"" < 0
⇒ compression

𝑦 < 0 ⇒ 𝜀"" > 0
⇒ tension
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Stress
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Relationship between 𝝓 and the internal forces

v Cohesion torsor in 𝑴:
𝒯#$%& = 𝑹𝑴 = d𝑭

𝑴𝑴 = 𝟎

v Let’s transport this torsor into 𝑮 near 𝑴:

d𝒯/"#$ = d𝑹𝑮 = 𝑹𝑴 = d𝑭
d𝑴𝑮 = 𝟎 + 𝑮𝑴×𝑹𝑴

= d𝑹𝑮 = d𝑭
d𝑴𝑴 = 𝑮𝑴×d𝑭

BUT 𝝓 𝑀,𝒏 = d𝑭
d𝑆 ⇒ d𝑭 = 𝝓 𝑀,𝒏 d𝑆

⇒ d𝒯/"#$ = d𝑹𝑮 = 𝝓 𝑀,𝒏 d𝑆
d𝑴𝑮 = 𝑮𝑴×𝝓 𝑀,𝒏 d𝑆

BUT 𝝓 𝑀,𝒏 = 𝒊 = 𝜎##𝒊 + 𝜎#$𝒋 + 𝜎#%𝒌 AND 𝑮𝑴 = 𝑥𝒊 + 𝑦𝒋 + 𝑧𝒌

v After integration over (𝑆):

𝒯($%& =

𝑹𝑮 =7 𝜎""𝒊 + 𝜎"*𝒋 + 𝜎"!𝒌 d𝑆

𝑴𝑮 =7𝑮𝑴× 𝜎""𝒊 + 𝜎"*𝒋 + 𝜎"!𝒌 d𝑆
=

𝑁( =7𝜎""d𝑆 𝑇( =7 𝑦𝜎"! − 𝑧𝜎"* d𝑆

𝑆(,* =7𝜎"*d𝑆 𝐵(,* =7 𝑧𝜎"! − 𝑥𝜎"! d𝑆

𝑆(,! =7𝜎"!d𝑆 𝐵(,! =7 𝑥𝜎"* − 𝑦𝜎"" d𝑆

(𝑆)

𝐺

d𝑭

𝑀

d𝑭

Ä Very complex. Additional assumptions are needed about how stresses are distributed over (𝑆).
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How to calculate the stress? (normal stress)

vStress vector in the case of pure bending:
o No shear stresses on the cross-section

𝜀$$ 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ 𝜎$$ 𝑥, 𝑦 = −𝐸𝑦𝜅(𝑥)
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How to calculate the stress? (normal stress)

vStress vector in the case of pure bending:
o No shear stresses on the cross-section

𝜀$$ 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ 𝜎$$ 𝑥, 𝑦 = −𝐸𝑦𝜅(𝑥)

⇒ 𝝓 𝑀,𝒏 = 𝒊 = 𝜎$$𝒊 + 𝜎$%𝒋 + 𝜎$#𝒌 = −𝐸𝑦𝜅 𝑥 𝒊 + 0𝒋 + 0𝒌
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How to calculate the stress? (normal stress)

vStress vector in the case of pure bending:
o No shear stresses on the cross-section

𝜀$$ 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ 𝜎$$ 𝑥, 𝑦 = −𝐸𝑦𝜅(𝑥)

⇒ 𝝓 𝑀,𝒏 = 𝒊 = 𝜎$$𝒊 + 𝜎$%𝒋 + 𝜎$#𝒌 = −𝐸𝑦𝜅 𝑥 𝒊 + 0𝒋 + 0𝒌

vStress-momentum relationship:

𝑴 =9𝑮𝑴×𝝓 𝑀, 𝒊 𝒌d𝑆 = 9 𝑦𝒋 + 𝑧𝒌 × −𝐸𝑦𝜅(𝑥)𝒊 d𝑆

⇒ 𝑴 = 𝐸𝜅 𝑥 9𝑦&d𝑆 𝒌 −9𝑦𝑧d𝑆 𝒋
= 0 , since the cross-
section is symmetric to
the 𝑧 = 0 plane.
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How to calculate the stress? (normal stress)

vStress vector in the case of pure bending:
o No shear stresses on the cross-section

𝜀$$ 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ 𝜎$$ 𝑥, 𝑦 = −𝐸𝑦𝜅(𝑥)

⇒ 𝝓 𝑀,𝒏 = 𝒊 = 𝜎$$𝒊 + 𝜎$%𝒋 + 𝜎$#𝒌 = −𝐸𝑦𝜅 𝑥 𝒊 + 0𝒋 + 0𝒌

vStress-momentum relationship:

𝑴 =9𝑮𝑴×𝝓 𝑀, 𝒊 𝒌d𝑆 = 9 𝑦𝒋 + 𝑧𝒌 × −𝐸𝑦𝜅(𝑥)𝒊 d𝑆

⇒ 𝑴 = 𝐸𝜅 𝑥 9𝑦&d𝑆 𝒌 −9𝑦𝑧d𝑆 𝒋

⇒ 𝑴 = 𝐸𝜅 𝑥 𝐼$𝒌 ⇒ 𝐵!,# 𝑥 = 𝐸𝜅 𝑥 𝐼$

Ä𝜎$$ 𝑥, 𝑦 = − ';,<($)
∬ %=d𝑆 𝑦 ⇒ 𝜎$$ 𝑥, 𝑦 ,-$ = − ';,<($)

.>
𝑦,-$𝑰𝒙 is the moment of 

inertia

= 0 , since the cross-
section is symmetric to
the 𝑧 = 0 plane.

𝒊�

𝒋

𝒌
𝜎"" 𝑥, 𝑦
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How to calculate the moment of inertia?
v Definition:

𝐼$ =9𝑦&d𝑆
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How to calculate the moment of inertia?
v Definition:

𝐼$ =9𝑦&d𝑆

vFor a full rectangular beam:
𝐼$ =9𝑦&d𝑆 = 9𝑦&d𝑦d𝑧

𝐼$ = ?
/0&

0
&
𝑦&d𝑦×?

/1&

1
&
d𝑧 =

𝑏ℎ2

12

𝑏

ℎ

𝒊�

𝒋

𝒌
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How to calculate the moment of inertia?
v Definition:

𝐼$ =9𝑦&d𝑆

vFor a full rectangular beam:
𝐼$ =9𝑦&d𝑆 = 9𝑦&d𝑦d𝑧

𝐼$ = ?
/0&

0
&
𝑦&d𝑦×?

/1&

1
&
d𝑧 =

𝑏ℎ2

12

vFor a circular beam:

𝐼$ =
𝜋𝐷3

64

𝑏

ℎ

𝒊�

𝒋

𝒌

𝐺
+𝐷
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How to calculate the moment of inertia?
v Definition:

𝐼$ =9𝑦&d𝑆

vFor a full rectangular beam:
𝐼$ =9𝑦&d𝑆 = 9𝑦&d𝑦d𝑧

𝐼$ = ?
/0&

0
&
𝑦&d𝑦×?

/1&

1
&
d𝑧 =

𝑏ℎ2

12

vFor a circular beam:

𝐼$ =
𝜋𝐷3

64
vFor a tube:

𝐼$ =
𝜋(𝐷3 − 𝑑3)

64

Ä 𝐼F depends on the cross-section shape. There are data sheets for complicated shapes.

𝑏

ℎ

𝒊�

𝒋

𝒌

𝐺
+𝐷

𝐺
+𝑑
𝐷
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How to calculate the stress? (shear stress)

v Axial strain:
o Two adjacent fibers located at different 𝑦 do not undergo the same axial strain (𝜀..):

𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ It induces a relative longitudinal sliding between neighboring fibers.
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How to calculate the stress? (shear stress)

v Axial strain:
o Two adjacent fibers located at different 𝑦 do not undergo the same axial strain (𝜀..):

𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ It induces a relative longitudinal sliding between neighboring fibers.

⇒ Internal shear stresses (𝜏.2) develop to oppose this relative sliding.

𝒊

𝒋

𝒌
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How to calculate the stress? (shear stress)

v Axial strain:
o Two adjacent fibers located at different 𝑦 do not undergo the same axial strain (𝜀..):

𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ It induces a relative longitudinal sliding between neighboring fibers.

⇒ Internal shear stresses (𝜏.2) develop to oppose this relative sliding.

v Shear stress distribution in the cross-section:
o Shear stress (𝜏.2) varies with the distance from the neutral axis (𝑦): 𝜏.2(𝑥, 𝑦)

Ø 𝜏"* = 0 at the top and bottom surfaces, since these free surfaces cannot transmit shear.
Ø 𝜏"* = max at the neutral axis.

𝒊

𝒋

𝒌
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How to calculate the stress? (shear stress)

v Axial strain:
o Two adjacent fibers located at different 𝑦 do not undergo the same axial strain (𝜀..):

𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ It induces a relative longitudinal sliding between neighboring fibers.

⇒ Internal shear stresses (𝜏.2) develop to oppose this relative sliding.

v Shear stress distribution in the cross-section:
o Shear stress (𝜏.2) varies with the distance from the neutral axis (𝑦): 𝜏.2(𝑥, 𝑦)

Ø 𝜏"* = 0 at the top and bottom surfaces, since these free surfaces cannot transmit shear.
Ø 𝜏"* = max at the neutral axis.

o For global equilibrium, an average shear stress (𝜏.2
34+) can be defined:

𝜏.2
34+ 𝑥 =

𝑆!,2 𝑥
𝐴.2

where 𝑆!,2 𝑥 = −
d𝐵!,,(𝑥)
d𝑥

𝒊

𝒋

𝒌
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How to calculate the stress? (shear stress)

v Axial strain:
o Two adjacent fibers located at different 𝑦 do not undergo the same axial strain (𝜀..):

𝜀.. 𝑥, 𝑦 = −𝑦𝜅(𝑥)
⇒ It induces a relative longitudinal sliding between neighboring fibers.

⇒ Internal shear stresses (𝜏.2) develop to oppose this relative sliding.

v Shear stress distribution in the cross-section:
o Shear stress (𝜏.2) varies with the distance from the neutral axis (𝑦): 𝜏.2(𝑥, 𝑦)

Ø 𝜏"* = 0 at the top and bottom surfaces, since these free surfaces cannot transmit shear.
Ø 𝜏"* = max at the neutral axis.

o For global equilibrium, an average shear stress (𝜏.2
34+) can be defined:

𝜏.2
34+ 𝑥 =

𝑆!,2 𝑥
𝐴.2

where 𝑆!,2 𝑥 = −
d𝐵!,,(𝑥)
d𝑥

o In the reality, 𝜏.2(𝑥, 𝑦) is non-uniform and must be computed locally.

𝒊

𝒋

𝒌

𝜏#$ 𝑥, 𝑦&'# = 0

𝜏#$ 𝑥, 𝑦&() = 0

𝜏#$ 𝑥, 𝑦 is quadratic in 𝑦 (parabolic)
𝒊�

𝒋

𝒌

𝑋
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Beam deflection analysis



24

Prof. Antoine GUITTON

Deflection calculation

vDefinition:
o The deflection is the transverse displacement of the beam axis along 𝒋 at the position 𝑥 under

loading.

𝑣(𝑥)
𝒊

�

𝒋

𝒌
𝐹
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Deflection calculation

vDefinition:
o The deflection is the transverse displacement of the beam axis along 𝒋 at the position 𝑥 under

loading.

𝑣(𝑥)
𝒊

�

𝒋

𝒌
𝐹

vCalculation of the deflection 𝒗(𝒙):

tan
𝛼 𝑥
2

=
d𝑣(𝑥)
d𝑥
2

≈ 𝛼 𝑥 +
𝛼
2

d𝑣𝛼

d𝑥
2

𝐶
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Deflection calculation

vDefinition:
o The deflection is the transverse displacement of the beam axis along 𝒋 at the position 𝑥 under

loading.

𝑣(𝑥)
𝒊

�

𝒋

𝒌
𝐹

vCalculation of the deflection 𝒗(𝒙):

tan
𝛼 𝑥
2

=
d𝑣(𝑥)
d𝑥
2

≈ 𝛼 𝑥

⇒
d𝛼(𝑥)
d𝑥

=
dN𝑣(𝑥)
d𝑥N

+
𝛼
2

d𝑣𝛼

d𝑥
2

𝐶
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Deflection calculation

vDefinition:
o The deflection is the transverse displacement of the beam axis along 𝒋 at the position 𝑥 under

loading.

𝑣(𝑥)
𝒊

�

𝒋

𝒌
𝐹

vCalculation of the deflection 𝒗(𝒙):

tan
𝛼 𝑥
2

=
d𝑣(𝑥)
d𝑥
2

≈ 𝛼 𝑥

⇒
d𝛼(𝑥)
d𝑥

=
dN𝑣(𝑥)
d𝑥N

but
d𝛼(𝑥)
d𝑥

= 𝜅 𝑥 =
𝐵O,P 𝑥
𝐸𝐼F

+
𝛼
2

d𝑣𝛼

d𝑥
2

𝐶
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Deflection calculation

vDefinition:
o The deflection is the transverse displacement of the beam axis along 𝒋 at the position 𝑥 under

loading.

𝑣(𝑥)
𝒊

�

𝒋

𝒌
𝐹

vCalculation of the deflection 𝒗(𝒙):

tan
𝛼 𝑥
2

=
d𝑣(𝑥)
d𝑥
2

≈ 𝛼 𝑥

⇒
d𝛼(𝑥)
d𝑥

=
dN𝑣(𝑥)
d𝑥N

but
d𝛼(𝑥)
d𝑥

= 𝜅 𝑥 =
𝐵O,P 𝑥
𝐸𝐼F

o The deflection 𝑣(𝑥) is then computed by successive
integrations.

Ä
dQ!(#)
d#Q = %R,S #

&'T

+
𝛼
2

d𝑣𝛼

d𝑥
2

𝐶
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Summary

Loadings Deformation Stress Governing 
equations Coefficients Elasticity 

limit

Tension 𝜀FF > 0 𝜎FF =
𝑁
𝐴F

> 0 𝜎"" = 𝐸𝜀""
𝜀!! = 𝜀** = −𝜈𝜀"" 𝐸, 𝜈 𝑅W

Compression 𝜀FF < 0 𝜎FF =
𝑁
𝐴F

< 0 𝜎 = 𝐸𝜀""
𝜀!! = 𝜀** = −𝜈𝜀"" 𝐸, 𝜈 𝑅W

Shear 𝛾FX 𝜏FX =
𝑆X
𝐴F

𝜏"* = 𝐺𝛾"*

𝐺 =
𝐸

2 1 + 𝜈
𝐺 𝜏W

Torsion 𝜃 𝜏, 𝜎 = 0 𝜏 =
𝑇
𝐼(
𝜌

𝜏 = 𝐺𝜃𝜌
𝐺, 𝐼_ 𝜏W

Bending 𝜅 𝜎FF, 𝜏FX

𝜎"" 𝑥, 𝑦 = −
𝐵!(𝑥)
𝐼"

𝑦

𝜏"*
-./ 𝑥 =

𝑆* 𝑥
𝐴"*

d0𝑣(𝑥)
d𝑥0 =

𝐵! 𝑥
𝐸𝐼"

𝐸, 𝐼F 𝑅W, 𝜏W

𝒊�

𝒋

𝒌



30

Prof. Antoine GUITTON

Thanks for your listening!

If you need further information:

Prof. Antoine GUITTON
Full Professor at Université de Lorraine

Phone (LEM3): +33 372 747 826

Email: antoine.guitton@univ-lorraine.fr
Website: www.antoine-guitton.fr
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