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Deformation measurement
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Deformation measure: curvature

+* Reminder:

| 0 0
{Txcoh,bendmg} _ {0 0 }
0 By,

BX’UX g

LEM3A @i @ N\ 2 ot Prof. Antoine GUITTON



Deformation measure: curvature

+* Reminder:

' 0 0
{TXcoh,bendmg} _ {0 0 }
0 BX,z

BX,UX,Z

+ Curvature:

o In bending, deformation is characterized by the
beam curvature (k), defined as the inverse of
the radius of curvature (R) of its neutral axis.

A& C
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Deformation measure: curvature

+* Reminder: * Infinitesimal rgtatic(:jn of the cross-section:
X a
0 0 da = — & — = k(x)
. R d
e} = {0 0 } dx''= (R = y)da
0 By,

BX,UX,Z

+ Curvature:

o In bending, deformation is characterized by the

beam curvature (k), defined as the inverse of
the radius of curvature (R) of its neutral axis. & C
xC /R
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Deformation measure: curvature

+* Reminder: * Infinitesimal rgtatican of the cross-section:
X a
0 0 da =— & —=k(x)
. R dx
) 03] o
0 Bx,z

+» Axial strain:
o The axial strain (g,,) varies along i and across j.
( )_dx’—dx_(R—y)da—Rda
Exx V) = dx B Rda

¢ Curvature: = g (X,y) = — =

BX Z

o In bending, deformation is characterized by the
beam curvature (k), defined as the inverse of = e (x.V) = —vic(x
the radius of curvature (R) of its neutral axis. e (6,7 ye(x) +C
AC /T
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Deformation measure: curvature

+* Reminder: * Infinitesimal rgtatic(:jn of the cross-section:
X a
0 0 da =— & —=k(x)
. R d
e} = {0 0 } dx''= (R = y)da
0 By,

+» Axial strain:

o The axial strain (g,,) varies along i and across j.
( )_dx’—dx_(R—y)da—Rda
Gx V) =T T Rda

< Curvature: =& (x,y) = _%

o In bending, deformation is characterized by the

beam curvature (k), defined as the inverse of = (X, y) = —yK(x)

the radius of curvature (R) of its neutral axis. & C
} 7R
y>0 =26,<0 / da y<0 =26,>0
= compression ST = tension
R==1\
K
. A
J
5
k
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Stress
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

- RM=dF}

% Let's transport this torsor into G near M: M
G dM; = 0 + GMxRyJ ~ dMy = GMxdF G dF
BUT ¢p(M,n) = %g = dF = ¢(M,n)dS (S) dF

con1 dR; = ¢p(M,n)dS
= {d7°"} = {dMG = GMxp(M, n)dS}

BUT ¢(M,n = i) = 0yl + 0yyj + 04,k AND GM = xi + yj + zk

% After integration over (S): .

N; = ff OxxdS T; = ff(yaxz — ZO'xy)dS

R = ff (axxi + Oy + axzk)dS
{TGCOh} —
Mg = f f GMX(0yxi + 0Oyyj + 0y k)dS

% Very complex. Additional assumptions are needed about how stresses are distributed over (S).
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How to calculate the stress? (normal stress)

 Stress vector in the case of pure bending:

o No shear stresses on the cross-section
Exx (X, ¥) = —yK(x)
= Oxx(x,¥) = —Eyk(x)
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How to calculate the stress? (normal stress)

 Stress vector in the case of pure bending:
o No shear stresses on the cross-section
Exx (X, ¥) = —yK(x)

= 0xx (X, y) = —EyK(x)
= M, n =1i) = 0y, i + 0yyj + 05,k = —Eyr(x)i + 0j + Ok
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How to calculate the stress? (normal stress)

 Stress vector in the case of pure bending:

o No shear stresses on the cross-section
Exx (X, y) = —yK(x)

= Oxx (%, y) = —Eyk(x)
= M, n =1i) = 0y, i + 0yyj + 05,k = —Eyr(x)i + 0j + Ok

% Stress-momentum relationship:

M = Jf GMx¢p(M, i)dezf (yj + zk)X(—Eyk(x)i)dS

= 0', sipce the cross-
= M = Ex(x) ( J f y2dS k — (’@) ther e 0plane
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How to calculate the stress? (normal stress)

 Stress vector in the case of pure bending:

o No shear stresses on the cross-section
Exx (X, y) = —yK(x)

= 0xx (X, y) = —EyK(x)
= M, n =1i) = oy, i + 04y + 0,k = —Eyk(x)i + 0j + Ok

% Stress-momentum relationship:

M = Jf GMx¢p(M, i)dezf (yj + zk)X(—Eyk(x)i)dS

= 0., sipce the cross-
= M = Ex(x) ( J f y2dS k — (’@) ther e 0plane

= M = Ex(x)I k = By ,(x) = Ex(x)1,

I, is the moment o _ Bxz(x) _ Bxzx)
"7 inertia F 1 %0 (x, ) = T yzds? T Orex (%, Y)max = = I, Jmex [ -
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How to calculate the moment of inertia?

I, = Jf y2dS

+» Definition:
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How to calculate the moment of inertia?

I, = Jf y2dS

“ For a full rectangular beam: . e

= [ o= [ o "y

I f y2d xj d —bh3 !
x = y Z =
- 12

+» Definition:
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How to calculate the moment of inertia?

I, = Jf y2dS

“ For a full rectangular beam: . e

bj
o [ ras= [ o 1
bh3 A|
Ix:j;_ Zdij dZ—E \
2

+* For a circular beam:
, mD*
o v

+» Definition:
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How to calculate the moment of inertia?

I, = Jf y2dS

+» Definition:

“ For a full rectangular beam: < e
I, _ﬂ 24s = ﬂ y2dydz !
k i
bh3 3
Ixzf__ 2dy><j dz = — 5
2
*»* For a circular beam:
p LN (L
L a
o )
*»* For a tube:
_ m(D*—d*)
X 64

& I, depends on the cross-section shape. There are data sheets for complicated shapes.
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How to calculate the stress? (shear stress)

++ Axial strain:

o Two adjacent fibers located at different y do not undergo the same axial strain (&,,):
Exx (%, ¥) = —yK(x)
= It induces a relative longitudinal sliding between neighboring fibers.
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How to calculate the stress? (shear stress)

+» Axial strain:
o Two adjacent fibers located at different y do not undergo the same axial strain (&,,):
Sxx(x'y) = —yk(x)
= It induces a relative longitudinal sliding between neighboring fibers.

— —

= Internal shear stresses (z,,) develop to oppose this relative sliding.
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How to calculate the stress? (shear stress)

+» Axial strain:
o Two adjacent fibers located at different y do not undergo the same axial strain (&,,):
Sxx(x'y) = —yk(x)
= It induces a relative longitudinal sliding between neighboring fibers.

— —

= Internal shear stresses (z,,) develop to oppose this relative sliding.

+* Shear stress distribution in the cross-section:

o Shear stress (t,,) varies with the distance from the neutral axis (y): 4, (x,¥)
> T4y = 0 at the top and bottom surfaces, since these free surfaces cannot transmit shear.
> Ty, = max at the neutral axis.
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How to calculate the stress? (shear stress)

+» Axial strain:
o Two adjacent fibers located at different y do not undergo the same axial strain (&,,):
Sxx(x'y) = —yk(x)
= It induces a relative longitudinal sliding between neighboring fibers.

— —

= Internal shear stresses (z,,) develop to oppose this relative sliding.

+* Shear stress distribution in the cross-section:

o Shear stress (t,,) varies with the distance from the neutral axis (y): 4, (x,¥)
> T4y = 0 at the top and bottom surfaces, since these free surfaces cannot transmit shear.

> Ty, = max at the neutral axis.

avg

xy ) can be defined:

dBX,Z (X)
dx

o For global equilibrium, an average shear stress (t
Sx,y (%)
avg _ XYy
Tyy (%) =
xy

where Sy ,,(x) = —
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How to calculate the stress? (shear stress)

+» Axial strain:
o Two adjacent fibers located at different y do not undergo the same axial strain (&,,):
Sxx(x'y) = —yk(x)
= It induces a relative longitudinal sliding between neighboring fibers.

— —

= Internal shear stresses (z,,) develop to oppose this relative sliding.

+* Shear stress distribution in the cross-section:

o Shear stress (t,,) varies with the distance from the neutral axis (y): 4, (x,¥)
> T4y = 0 at the top and bottom surfaces, since these free surfaces cannot transmit shear.

> Ty, = max at the neutral axis. ].‘*
o For global equilibrium, an average shear stress (z,,?) can be defined: Ty (X, Yimax) = 0
T;l;g (x) = SXJ’ (x) where SX,y (x) = — dBX,Z (x) T,y (x,¥) is quadratic in y (parabolic)

Ayy dx P

In the reallty’ T (x,y) |S r]()”—l”]il( rm alld IIIUSt be Computed |Oca||y ( ) 0
o Xy Txy\X, Ymin) =
X
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Beam deflection analysis
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Deflection calculation

 Definition:
o The deflection is the transverse displacement of the beam axis along j at the position x under

loading. j
é‘ﬁ """"" oy =~ -====0

VF
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Deflection calculation

 Definition:
o The deflection is the transverse displacement of the beam axis along j at the position x under

loading. j
é‘ﬁ """"" oy =~ -====0

VF

¢ Calculation of the deflection v(x):

a(x) dv(x)
n—-—= ax ~ a(x)

2

ta
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Deflection calculation

 Definition:
o The deflection is the transverse displacement of the beam axis along j at the position x under

loading. j
é& """"" oy -~ -====0

VF

¢ Calculation of the deflection v(x):

a(x) dv(x) +¢
tan 2 T A a(x)
2 L

. da(x) d*v(x)
dx — dx?2
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Deflection calculation

 Definition:
o The deflection is the transverse displacement of the beam axis along j at the position x under

loading. j
é& """"" oy -~ -====0

VF

¢ Calculation of the deflection v(x):
na(x) _dv(x)

ta > ax ~ a(x)
2
da(x) d*v(x) da(x) _ By, (%)
T Tdx | dx? but dx =Kk = EL,
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Deflection calculation

 Definition:
o The deflection is the transverse displacement of the beam axis along j at the position x under

loading. j
é‘ﬁ """"" oy =~ -====0

VF

¢ Calculation of the deflection v(x):
na(x) _dv(x)

ta > ax ~ a(x)
2
da(x) d*v(x) da(x) _ By, (%)
T Tdx | dx? but dx =Kk = EL,
Q{) dzv(x) — BX,Z(x)
dx2 El,
o The deflection v(x) is then computed by successive -

integrations.
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Summary

equations limit

iL—).

k i
LEM3a O

Tension

Compression

Shear

Torsion

Bending

UNIVERSITE \\ Arts
DE LORRAINE et Métiers

Exx > 0

Exy < 0

Vxy

Oxx = E&xx
Oxx =7 >0 _
Ax €22 = Eyy = —VExy
N o=Ee¢
Oxx =7 <0 .
A, €2z = Eyy VExx
Sy Ty = GVxy
Ay 2(1+4v)
T
T=—
7,06 =0 I;°
T=G0Op
_B,(x)
Ox (X, y) = i
X
Sy(x)
y
d?v(x) _ B,(x)
dx2 ~ EI,

E,v

Re, T,
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Thanks for your listening!

If you need further information:

Prof. Antoine GUITTON
Full Professor at Université de Lorraine
Phone (LEM3): +33 372 747 826

Email; antoine.quitton@univ-lorraine.fr

Website; www.antoine-quitton.fr
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