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Some generalities
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Deformable / non-deformable

Solid

Non-deformable
(Brittle)
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Deformable / non-deformable

Non-deformable Deformable
(Brittle) (Ductile)
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Deformable / non-deformable

Liquid

Non-deformable Deformable

(Brittle) (Ductile) Too deformable
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Deformable / non-deformable

Solid Liquid

Non-deformable Deformable

(Brittle) (Ductile) Too deformable
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Some definitions

% Strength:

o Ability of a structure or material to
sustain applied loads without reaching a
failure state, such as yielding, fracture, or
loss of integrity.
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Some definitions

% Strength:
o Ability of a structure or material to
sustain applied loads without reaching a

failure state, such as yielding, fracture, or
loss of integrity.

% Stiffness:

o Measure of how strongly a structure
resists deformation under applied loads.
A stiffer structure exhibits smaller
displacements for the same load.
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Some definitions

% Strength:
o Ability of a structure or material to
sustain applied loads without reaching a

failure state, such as yielding, fracture, or
loss of integrity.

% Stiffness:

o Measure of how strongly a structure
resists deformation under applied loads.
A stiffer structure exhibits smaller
displacements for the same load.

 Stability:
o Ability of a structure to maintain a stable
equilibrium configuration when subjected
to disturbances or increasing loads, and

to avoid sudden changes of shape such
as buckling.
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Some definitions

% Strength:

o Ability of a structure or material to
sustain applied loads without reaching a
failure state, such as yielding, fracture, or
loss of integrity.

% Stiffness:

o Measure of how strongly a structure
resists deformation under applied loads.

A stiffer structure exhibits smaller
displacements for the same load.
 Stability:

o Ability of a structure to maintain a stable
equilibrium configuration when subjected
to disturbances or increasing loads, and
to avoid sudden changes of shape such
as buckling.
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< Beam:

o A solid body for which one dimension is
much larger than the other two.

o It can be defined as a solid generated by
a planar surface (S), called the cross
section, which is constant or only slightly
varying.

o The plane of (§) remains orthogonal to a
curve I' with a large radius of curvature,
called the centroidal axis, described by
the centroid G of the cross section (S).
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failure state, such as yielding, fracture, or
loss of integrity.

% Stiffness:

o Measure of how strongly a structure
resists deformation under applied loads.

A stiffer structure exhibits smaller
displacements for the same load.
 Stability:

o Ability of a structure to maintain a stable
equilibrium configuration when subjected
to disturbances or increasing loads, and
to avoid sudden changes of shape such
as buckling.

LEmE @HE"B’DE,!‘EH&E @ \ Qtrblétiers

< Beam:

o A solid body for which one dimension is
much larger than the other two.

o It can be defined as a solid generated by
a planar surface (S), called the cross
section, which is constant or only slightly
varying.

o The plane of (§) remains orthogonal to a
curve I' with a large radius of curvature,
called the centroidal axis, described by
the centroid G of the cross section (S).

Arbitrary beam Straight beam

Mid-plane
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G
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Assumptions and principles of Strength of Materials

% Continuity:
o The material is treated as a continuous
medium, a set of adjacent entities without

gaps.
= This axiom contrasts yvith an atomistic (discrete)
view.
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Assumptions and principles of Strength of Materials

% Continuity:

o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.

= This axiom contrasts yvith an atomistic (discrete)

view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.
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Assumptions and principles of Strength of Materials

% Continuity:

o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.

= This axiom contrasts yvith an atomistic (discrete)

view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:
o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.
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Assumptions and principles of Strength of Materials

< Continuity: Millau Viaduct
o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.
= This axiom contrasts yvith an atomistic (discrete)
view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:
o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.

% In reality, no material perfectly satisfies these assumptions; it all depends on the scale at which the material is observed.
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Micro-/nano-structures
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Micro-/nano-structures

Grains:

Size =
Shape &=
Chemistry e
Distribution est=

VVVY

LEM3 @i @ N\ 2 ot Prof. Antoine GUITTON

L. Bragg & J.F. Nye, Proc. R. Soc. Lond. (1947)



Micro-/nano-structures

Grains:

Size =
Shape &=
Chemistry e
Distribution est=

VVVY

Dislocations:
> Types es=
> Density ea=—
» Distribution s
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Micro-/nano-structures

Grains:

Size =
Shape &=
Chemistry e
Distribution est=

VVVY

Dislocations:
> Types es=
> Density ea=—
» Distribution s
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Micro-/nano-structures

Grains: _
Size =
Shape &=
Chemistry e
Distribution est=

VVVY

Microstructure

Dislocations:
> Types e=— :
» Density et=— —
» Distribution s \
S

Propertie

Solutes / Vacancies:
> Nature e
» Number es=
» Distributionet—
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Deformation of materials

Initial size of the structure LXIXh
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Deformation of materials
Application of a vertical load
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Deformation of materials

Under the load, the vertical springs are compressed and the horizontal ones are stretched.
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Deformation of materials

When the load is removed, the structure returns to its original dimensions.

Reversible deformation

Elastic deformation

||||.|||‘||’ ||||‘|||‘||f ||||‘|||‘||f ‘||||||||||’ ||||||||||l
\HHHH\ \HHHH\ \HHHH\ ‘\\HH\\H \\HH\\H
_—
—

it

LA A A A A Al

Yy Yy YT

af >

4 4
> —
4 Im’
4 e
> p—
3 ==

—_—,

1 ||||a|||n|v| mmul,um |u||n|||,|m' ‘|1||1|||.||:J llilllll|.||:|
U AUAARAY mm\m\ um\m\ ARLLL R LR LR R A

LEME Ok @ é‘{ﬁéﬁers Prof. Antoine GUITTON



Deformation of materials

Under the load, the vertical springs are compressed and the horizontal ones are stretched.
A higher load is applied.
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Deformation of materials

Under the load, the vertical springs are compressed and the horizontal ones are stretched.
Some springs are broken.
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Deformation of materials

Since some springs are broken, the structure does not return to its original shape.

Irreversible deformation

Plastic deformation
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Deformation of materials

Since some springs are broken, the structure does not return to its original shape.

Irreversible deformation

Plastic deformation
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Assumptions and principles of Strength of Materials

% Continuity:

o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.

= This axiom contrasts yvith an atomistic (discrete)

view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:
o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.
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 Elasticity:

o The material returns to its original shape and

dimensions once the load is removed.
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Assumptions and principles of Strength of Materials

% Continuity:

o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.

= This axiom contrasts yvith an atomistic (discrete)

view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:
o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.
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 Elasticity:
o The material returns to its original shape and
dimensions once the load is removed.

<+ Small deformations:

o Deformations are assumed to be small enough
so that geometric nonlinearities can be
neglected.
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Assumptions and principles of Strength of Materials

% Continuity:

o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.

= This axiom contrasts yvith an atomistic (discrete)

view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:

o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.
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 Elasticity:
o The material returns to its original shape and
dimensions once the load is removed.

<+ Small deformations:

o Deformations are assumed to be small enough
so that geometric nonlinearities can be
neglected.

++ Static loads:

o Loads are assumed to vary slowly enough in
time so that dynamic effects can be negl
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Assumptions and principles of Strength of Materials

% Continuity:

o The material is treated as a continuous
medium, a set of adjacent entities without
gaps.

= This axiom contrasts yvith an atomistic (discrete)

view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:

o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.
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 Elasticity:
o The material returns to its original shape and
dimensions once the load is removed.
+»» Small deformations:

o Deformations are assumed to be small enough
so that geometric nonlinearities can be
neglected.

+ Static loads:
o Loads are assumed to vary slowly enough in
time so that dynamic effects can be negl
% Saint-Venant's principle:

o Far from the load application zone, the detailed
shape of the load has little influence on the
stress distribution
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Assumptions and principles of Strength of Materials

% Continuity:
o The material is treated as a continuous
medium, a set of adjacent entities without

gaps.
= This axiom contrasts yvith an atomistic (discrete)
view.

“ Homogeneity:
o The mechanical properties do not depend on
spatial position.

= This axiom contrasts with a heterogeneous
view, where mechanical properties vary from point
to point.

“ Isotropy:

o The mechanical properties do not depend on
orientation.

= This axiom contrasts with an anisotropic view,
where mechanical properties depend on direction.
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 Elasticity:

o The material returns to its original shape and

dimensions once the load is removed.
% Small deformations:

o Deformations are assumed to be small enough
so that geometric nonlinearities can be
neglected.

+ Static loads:

o Loads are assumed to vary slowly enough in

time so that dynamic effects can be negl
% Saint-Venant's principle:

o Far from the load application zone, the detailed
shape of the load has little influence on the
stress distribution

% Navier-Bernoulli principle:

o Cross-sections remain plane and perpendicular
to the beam'’s axis during bending.
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External loads
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External loads

< Actions directly applied to the beam at points 4;: {7, }
< Actions at the supports at points B;: {75 }
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Actions directly applied to the beam

**Point loads (P in N):
o Loads applied at a single point.
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Actions directly applied to the beam

**Point loads (P in N):
o Loads applied at a single point.
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“*Distributed loads (p in N-m_l):

o Loads applied over a continuous set
of points.
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Actions directly applied to the beam

**Point loads (P in N):
o Loads applied at a single point.

k i
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“*Distributed loads (p in N-m

o Loads applied over a continuous set
of points.

_1):
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Actions directly applied to the beam

**Point loads (P in N):
o Loads applied at a single point.

k i
LEITIE @HE"B’UE,!‘EH&E @ \ Qtrblétiers

“*Distributed loads (p in N-m

o Loads applied over a continuous set
of points.

_1):
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External loads

< Actions directly applied to the beam at points 4;: {7, }
< Actions at the supports at points B;: {7 }
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External loads: supports

Translation along i

Translation along k

Rotation around i

Rotation around j

Rotation around k

& Each support blocks some of them: blocked translations create reaction forces, and
blocked rotations create reaction moments.

%6 degrees of freedom (DOF).
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External loads: supports

Simple support
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Simple support

% 5 degrees of freedom.

I— E ITI E @g%’?’g‘l‘m‘ @ '\\ étr}\s)lé{ier‘s

External loads: supports

s

Pinned support
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Simple support

% 5 degrees of freedom.
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External loads: supports

s

Pinned support

s

~ Fixed support
k

{Ta3°P = {Ray May

{7a}*" = {Ray O
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External loads: supports

Pinned support

~ Fixed support

RA,x MA,x
i PP ={Ray My

RA,Z MA,Z

Simple support

% 5 degrees of freedom.

NP

N s
o s

$In 2D (i,j) plane analysis only three support types are distinct
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The fundamental principle of statics (FPS)

+» Statement:

o A system is in equilibrium if and only if the resultant of all external forces at point A (R,) is zero
and the resultant of all external moments at point A (M) is zero.

=>RA=ZfA’i=0;MA=ZmA’i=O

ext ext
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The fundamental principle of statics (FPS)

+» Statement:

o A system is in equilibrium if and only if the resultant of all external forces at point A (R,) is zero
and the resultant of all external moments at point A (M) is zero.

=>RA=ZfA’i=0;MA=ZmA’i=O

ext ext

> > (T} = (0)

ext
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The fundamental principle of statics (FPS)

+» Statement:

o A system is in equilibrium if and only if the resultant of all external forces at point A (R,) is zero
and the resultant of all external moments at point A (M) is zero.

=>RA—ZfAz—0 MA_ZmAl—O

ext ext

> > (T} = (0)

ext

+* Isostatic:

o If the number of unknown reaction components is equal to the number of equilibrium
equations provided by the FPS.

LEM3 @i @ N\ S Fetiors Prof. Antoine GUITTON



The fundamental principle of statics (FPS)

+» Statement:

o A system is in equilibrium if and only if the resultant of all external forces at point A (R,) is zero
and the resultant of all external moments at point A (M) is zero.

=>RA—ZfAz—0 MA_ZmAl—O

ext ext

> > (T} = (0)

ext

+* Isostatic:

o If the number of unknown reaction components is equal to the number of equilibrium
equations provided by the FPS.

“ Hyperstatic:

o If the number of unknown reaction components is greater than the number of equilibrium
equations provided by the FPS.
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The free body diagram (FBD)

% Isolate the system:
o Choose the object you want to analyze.
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The free body diagram (FBD)

% Isolate the system:
o Choose the object you want to analyze.
% Model the system in connection with its
environment:
o Use the most appropriate supports.
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The free body diagram (FBD)

% Isolate the system:
o Choose the object you want to analyze.
% Model the system in connection with its
environment:
o Use the most appropriate supports.

% Replace each support by reaction forces:
o At each support, draw the appropriate
reactions.
% Add all external forces:
o The elephant's weight acting downward at its
center of gravity.

% Add geometric information if needed:

o Distances between supports, the position of the
elephant on the line, lengths, etc.

% Add a coordinate system:
o Draw axes.
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How to solve a statics problem?

'
1
'
'
'
'
[ »
i Ll »
1
d
'

% Coordinate system:
o Origin: 4; Basis: (4,1, j, k)

LEM3 @i @ N\ 2 ot Prof. Antoine GUITTON



How to solve a statics problem?

'
i
i
i
i
» >
& L >
i
q
i

% Coordinate system:
o Origin: 4; Basis: (4,1, j, k)

* Writing the torsors:

o Supports 0 0 0
{7:4} = {RA,y 0} ) {7}'3} = {RB,y 0}
0O O 0 0
o External loads
0 0
{7c} = {—P =—-myg 0}
0 0
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How to solve a statics problem?

% Transporting the torsors to a common point
(C for example):

'
i
i
i
i

»

& L
i
q

< = _( Re=Ry= RayJ }
K : ! Rc = RyyJ c = Rayl
A P B = _ L\ . = L
RA,y RB,y MC — 0 + <_ E) l(;<RA,y] 0 MC —_ _ERA’yk
_ )Ry 0O
0 L R
% Coordinate system: T Ay
o Origin: 4; Basis: (4,1, j, k) R = Ry 0 0
* Writing the torsors: Tyc} = { ¢ L = } _JRey O
- = — L
o Supports Mc =5 Rp,yk -
PP 0 0 0 - 0 SRgy
{7:4} = {RA,y 0} ) {7}'3} = {RB,y 0}
0 O 0 0 0 0
o External loads {Tc}={-P=-mg 0
0 0 0 0
{Tt}={-P=-mg 0
0 0
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How to solve a statics problem?

'
i
i
i
i
< » >
L >
i
q
i

% Let’s apply the FPS in C:
{Taoct + {Tp-c3 +{Tc} = {0}

0 0 0 0 -
R 0 R 0
=1 +97 +¥P ﬂ={m
0 _ERA’y 0 ERB‘y 0 0
0+0+0=0 0+0+0=0
o )Ray+Rey—P=0 0+0+0=0
L L
0+0+0=0  —ZRay+5Rpy+0=0
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How to solve a statics problem?

'
i
i
i
i
» >
& L >
i
q
i

% Let’s apply the FPS in C:
{Taoct + {Tp-c3 +{Tc} = {0}

0 0 0 0 0o
R 0 R 0
>3 +97 +{4>0}=m}
0 —ZRay 0 ZRgy 0 0
0+0+0=0 0+0+0=0
o )Ray+Rey—P=0 0+0+0=0
L L
0+40+0=0 =Ry, +5Rpy+0=0

UNIVERSITE Arts
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Ryy+Rpy—P=0

2

L
Ry, +

2

L
R, =0

% Obtaining a system of equations from the
non zero components of the FPS torsor:
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How to solve a statics problem?
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% Let’s apply the FPS in C:
{Taoct + {Tp-c3 +{Tc} = {0}

0 0 0 0 o 0o
R 0 R 0
=AY . By +{—P O}={0}
0 —3Ray 0 ZRgy) L0 0
0+0+0=0 0+0+0=0
Ryy +Rgy—P =0 0+0+0=0

L L
0+0+0=0  —=Ry, +=Rp, +0=0

2 2

UNIVERSITE Arts
DE LORRAINE @ \\ et Métiers

% Obtaining a system of equations from the
non zero components of the FPS torsor:

Ryy+Rpy—P=0

2 2

% Solving the equation system:
Ryy+Rpy—P =0
L L e{ L
_ERA'y + ERB’y =0
o |Ray ¥ Rpy =P =0
Rgy =Ray

ZRA'y = P
RB,y = RA,y

26y

L L
__RA,)/' + _RB,y =0

=

RA,y+RB,y_P = O

L
2 Ray
P
RA,y = E
RB,y == RA,y
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LEM3 O

How to solve a statics problem?

'
i
i
i
i
» >
& L >
i
q

% Let’s apply the FPS in C:
{Taoct + {Tp-c3 +{Tc} = {0}

0 0 0 0 -
R 0 R 0
= {4 . +{75 -+{—P 0}={p}
0 _ERA’y 0 ERB‘y 0 0
0+0+0=0 0+0+0=0
Ryy +Rp, —P =0 0+0+0=0
L L
0+0+0=0  —ZRay+5Rpy+0=0

UNIVERSITE Arts
DE LORRAINE @ \\ et Métiers

% Obtaining a system of equations from the

non zero components of the FPS torsor:
Ray+Rpy, —P=0
L L
_ERA'y + ERB’y =0

% Solving the equation system:
RA'y'i‘RB’y—P:O RA,y+RB,y_P:O

L L S L L
_ERA’y + ERB’y == 0 ERB’y == ERA'y
P
o RA,y+RB,y_P:0 ZRA'y:P o RAJ’:E
Ry =R Ry =R
By = Ray By =Ray Ry, =Ry,
R P
Ay = E
B,y - 2

% Check whether the result is physically consistent!
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Material cohesion and internal forces
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Materials cohesion

% The cohesion of the material must be
checked along the beam, that is, for every
point X(x,0) with X € [0; L].

+* A lack of cohesion will lead to failure.

LEM3 @i @ N\ S Fetiors Prof. Antoine GUITTON



Materials cohesion

A
\ 4
A
v

R = — 1 —=R
Ay 2 2 By

% The cohesion of the material must be
checked along the beam, that is, for every
point X(x,0) with X € [0; L].

+* A lack of cohesion will lead to failure.

% We make a virtual cut at X(x, 0).
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Materials cohesion
{:E(ext—w} <>D {Text—>R

NW;
( k' )‘ )

A
\ 4
A
v

R = — 1 —=R
Ay 2 2 By

% The cohesion of the material must be <« External loads acting on the beam at X:
Ch?Cked along.the beam, that is, for every o From the exterior acting on the left part: {7;#*¢~L}
point X(x, 0) with X € [0; L].

+* A lack of cohesion will lead to failure.

o From the exterior acting on the right part: {7;#**~%}

% We make a virtual cut at X(x, 0).
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Materials cohesion
{:E(ext—w} <>D {Text—>R

NW;
( k' )‘ )

A
\ 4
A
v

R = — o —=R
Ay 2 2 By

% The cohesion of the material must be <« External loads acting on the beam at X:
Ch?Cked along.the beam, that is, for every o From the exterior acting on the left part: {7;#*¢~L}
point X(x, 0) with X € [0; L].

+* A lack of cohesion will lead to failure.

o From the exterior acting on the right part: {7;#**~%}

% We are at the equilibrium:
< We make a virtual cut at X(x, 0). (TEX-LY 4 (TEXR) = (0} = {TE¥°L) = —{T;8¥°R)
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Materials cohesion

{@(ext—w} 9’0‘ {g}(exteR {j.s(ext_)ll}

N/ARN
J

(Dl ) Q9O
kE
(R)

A
\ 4
A
v

(L)

R = — 1 —=R
Ay 2 2 By

% The cohesion of the material must be <« External loads acting on the beam at X:
Ch?Cked along.the beam, that is, for every o From the exterior acting on the left part: {7;#*¢~L}
point X(x, 0) with X € [0; L].

+* A lack of cohesion will lead to failure.

o From the exterior acting on the right part: {7;#**~%}

% We are at the equilibrium:
< We make a virtual cut at X(x, 0). (TEX-LY 4 (TEXR) = (0} = {TE¥°L) = —{T;8¥°R)

% We cut and isolate the left part (L), which is also
in equilibrium.
(1) = (T + (G = 0
o {g-)-(R—»L} — _{:E(ext—w} — {:E(exteR} — {:E(coh}

©{7.X~L} is the cohesion tensor.
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Cohesion torsor

Normal force

Tclque

Bending moment about j

Bending moment about k

Shear force along k

L, {7¢"]} contains all internal actions at section X: normal force, shear forces and

internal moments
G It fully characterizes how the beam resists loads.
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Simple loading modes

% Tension/compression:

Ny(>0) 0 ) Ny(<0) 0
{TXcoh,tract} — 0 0 ;{g-).(co ,comp} — 0 0
0 0 0 0

v N

iL—).

k l
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Simple loading modes

% Tension/compression:

Ny(>0) 0 ) Ny(<0) 0
{TXcoh,tract} — 0 0 ;{g-).(co ,comp} — 0 0
0 0 0 0

v N

«* Pure shear:

0 O
{:T)'(CO}‘L} — {SX,y 0}

0 O
Sx .y

J 1 Sxy
k i
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Simple loading modes

% Tension/compression: % Torsion: -
X
Ny(>0) 0 Ny(<0) 0 {TXCOh}z{O O}
{TXcoh,tract} — 0 0 ;{g-).(coh,comp — 0 0 0 0
0 0 0 0

«* Pure shear:

0 O
{:T)'(CO}‘L} — {SX,y 0}

0 O
Sx .y

J 1 Sxy
k i
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% Tension/compression:

{TXcoh,tract} —

Ny(>0) 0
0 0f;
0 0

X

Simple loading modes

. {Tcoh,comp

Nx (< 0)
0

0
0
0

}

v N

«* Pure shear:

iL—).

k l
LEME O @ )

Arts ;h
et Métiers

{:T)v(coh} —

SX’y

0
i

0
Sx .y

0
0

0

}

+» Torsion:

v
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How to to obtain the cohesion torsor?

*» Let's transform the torsor into cohesion torsor:

0 ) 0 0 0
Ual = Ray=75 0 :>{:7;f°h}:{—RA,y o}

0 0 0 0
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How to to obtain the cohesion torsor?

*» Let's transform the torsor into cohesion torsor:

0 0 0 0
P
Ua}= {RA,y -2 0} = {7 = {_RA,J/ 0}

0 0 0 0

“ We transport the torsor from 4 to X € [4; C[:
Ry = Ry = —Ry,j

coh) _
= {725 = {MX =M, + XAxRA}

0 0
> (7%} =1 Ray O }

0 Ry yx
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How to to obtain the cohesion torsor?

*» Let's transform the torsor into cohesion torsor:

0 0 0 0
P
Ua}= {RA,y -2 0} = {7 = {_RA,J/ 0}

0 0 0 0

“ We transport the torsor from 4 to X € [4; C[:
Ry = Ry = —Ry,j

coh) _
= {725 = {MX =M, + XAxRA}

0 0
> (7%} =1 Ray O }

0 Ry yx

Sx.y

dBx,
har-rainie
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How to to obtain the cohesion torsor?

% We express the torsor at point C (g, 0) subjected to

4
I AN
A

v

j L/, 1 L/, the external force —Pj:
! 0 0 0 O External action —Pj; internal
{TCCOh} =1 "Ray 0 P 0 reaction +Pj
0 Ryyx 0 0 = Newton's 3 law
y*) ¢
0 0 0 0
oo 0.0 L
. , ) ) = {Trm =42 +iP 0{=<2
% Let’s transform the torsor into cohesion torsor: 0 P L 0 0 0 PL
— X — J—
p o 0 0 272 4
Ual = Ray=75 0 = {7 =1-R,, 0
0 0 0 0

% We transport the torsor from A to X € [4; C[:

Ry =R, = —Ry.j
coh) _ X A Ayl
= {725 = {MX =M, + XAxRA}

0 0
> (7%} =1 Ray O }

0 Ry yx

dsy,
g = Sk
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How to to obtain the cohesion torsor?

‘ o L .
) U - % We express the torsor at point C G, 0) subjected to
j L/ L/ the external force —Pj:
Z ! Z 0 0 0 O External action —Pj; internal
{TCCOh} =1 "Ray 0 P 0 reaction +Pj
0 Ryyx 0 0 = Newton's 3 law
§ Cc
0 0 0 0
P P
coh Y 0 00 = 0
. , . ) = {TM =1 2 +{P 0;1=42
% Let’s transform the torsor into cohesion torsor: P L 0 0 PL
-2 o]~ o v
4 4y =7 4 o7 < We transport the torsor from C to X’ € [C; B|:
0 0
% We transport the torsorl'z fror}g A toRX € [4; C[: R p]_ g 0
conl — X= A:_A,y]} coh \ _ X,_E —_J5 0
= i) {MX = M, + XAXR, = {7} = PLo (b NiBil ’ P
My =7 +(§"‘)‘XE’ 0 =(L-x)
0 0 2
> {7t ={-Ray O
0 Ry yx
dBy ,
v7q = Sty
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How to to obtain the cohesion torsor?

v

*» Let's transform the torsor into cohesion torsor:

p 0 0
U =1Ray =5 0 :{@f"h}={‘% 0}
0 0 0 0

% We transport the torsor from A to X € [4; C[:

S (790 = { Rx=R4=—Ry,j }
A-X
My = M, + XAXR,

0 0
= {7294} = {_RAJ/ 0 }
0 Ry yx

dBy
% BX _SX’y

L E ITI E @HE"B’UE,!‘EH&E @ \\ Qtrblétiers

% We express the torsor at point C (g, 0) subjected to
the external force —Pj:

0 0 0 0 External action —Pj; internal
{choh} ={—Ryy 0 P 0 reaction +Pj

0 R, V%), = Newton's 3 law
0 0 0 0
P 0 () P
= {7Fem =8 2 0 { {7 0 ]
P L 0 0 PL
0 —=X%X= 0 —
2 2 4
% We transport the torsor from C to X' € [C; B|:
0
Ry =— P
{Tcoh } X J — E 0
X' PLk L P p
My =i+ (7=7)i<zi) o 7 (L =)
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How to to obtain the cohesion torsor?

'
]
i
]
'
».g »
"l L) »
]
q
]

*» Let's transform the torsor into cohesion torsor:

p 0 0
{:7:4} = RA,y = E 0;= {g:qCOh} — {_RA,y 0}

0 0 0 0

% We transport the torsor from A to X € [4; C[:

Ry =R, = —Ry.j
coh) _ X A Ayl
= {T%%) = {MX =M, + XAxRA}

0 0
> (7%} =1 Ray O }

0 Ry yx

dBy,
© g = Sk

% We express the torsor at point C (g, 0) subjected to
the external force —Pj:

0 0 0 0 External action —Pj; internal
{choh} ={—Ryy 0 P 0 reaction +Pj
Cc

0 Rayx 0 0 = Newton's 3 law
0 0 0 O
P P
coh Y 0 00 > 0
= {TM =1 2 +4P 0p =12
P L 0 0 PL
0 =X= 0 —
2 2 4

0 0
P
Rxl——j P
hy _ 2 _ )5 0
=> (T} = PL L P (=12 b
My =gk (z=x)ixgi) o 7 (L=

% And the torsor in B(L; 0):

0 0
{TBCOh} — g 0}
0 0

L E ITI E @HMEEA}&E @ '\\ Qtr}alétiers

t¥>{77360}1} = {Tp}
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Evolution of of hon-zero internal loads

Cohesion torsors:
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Evolution of of hon-zero internal loads

Cohesion torsors:
X e [4;C] at C ‘

0 0 g 0

P —
(Tshy=4-7 O {reony =47 O

0  Rpyx 0 =

“*Diagram of shear force along j

at B

{TBCOh} — {

onNlv O

0
0
0

B
o
~
=4
&S
=z
1
/—W\\
S N|vO m
o O
~
R s

SX}y

P/2

_P/2
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Evolution of of hon-zero internal loads

Cohesion torsors:
X e [4;C] at C ‘ at B

0 0 1(3 0 0
P -

{ﬂz?é‘[}={—5 0 } er=yz ) {wah}={ o}
0 RA,yx 0 T 0

“*Diagram of shear force along j “*Diagram of bendiﬁg moment about k

PL
SX}y BX,Z /4

A

B
o A
~
=
%S
S
Il
—_—
S N|vO

N | o
~
b
o O
—_———
s
oN|lTv O

P/2

A

_P/2
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Evolution of of hon-zero internal loads

Cohesion torsors:

X € [4;C[ N at C { X e [C;B] { at B
0 0 \ 0 0 \ 0 0 \ 00
coh P s coh £ 0 '%. coh F 0 % coh P
{T[A;c[}= -z 0 E {TEom) =12 oL E {T[CB[}= 2 . % (75"} = 5 0
0 RA,yx % 0 v % 0 E(L—x) % 0 0
[ ] % - & [ ] .g
“*Diagram of shear force along j “*Diagram of bending moment about k
SX}y BX,Z PL/4
P/2
A X
B
_P/2

% Large variations of internal loads show where the beam is working the most.
& These locations are typically the most critical and the most likely to fail.
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Stresses
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What is stress?

“ In biology:

o The set of responses produced by an
organism when subjected to pressures
from its environment.

o These responses always depend on how
the individual perceives the pressures it
experiences.
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What is stress?

“ In biology:

o The set of responses produced by an
organism when subjected to pressures
from its environment.

o These responses always depend on how
the individual perceives the pressures it
experiences.

o The effects of stress on the human body:

©00000
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What is stress?

“ In biology:

o The set of responses produced by an
organism when subjected to pressures
from its environment.

o These responses always depend on how
the individual perceives the pressures it
experiences.

o The effects of stress on the human body:

©00000

o The main sources of stress:

Money: 76%, Work: 70%, Family: 58%;
Exams: 0%
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What is stress?

“ In biology:

o The set of responses produced by an
organism when subjected to pressures
from its environment.

o These responses always depend on how
the individual perceives the pressures it
experiences.

o The effects of stress on the human body:

©00000

o The main sources of stress:
Money: 76%, Work: 70%, Family: 58%;
Exams: 0%
o The main strategies for reducing stress:
Laughter; breathing, exercise; acceptance...
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What is stress?

“ In biology: “ In materials science:

o The set of responses produced by an o The set of responses produced by a part
organism when subjected to pressures when it is subjected to loads from its
from its environment. environment.

o These responses always depend on how o These responses always depend on the
the individual perceives the pressures it material that makes up the specimen and
experiences. on its shape.

o The effects of stress on the human body:

©00000

o The main sources of stress:
Money: 76%, Work: 70%, Family: 58%,
Exams: 0%
o The main strategies for reducing stress:
Laughter; breathing, exercise; acceptance...
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What is stress?

“ In biology: “ In materials science:

o The set of responses produced by an o The set of responses produced by a part
organism when subjected to pressures when it is subjected to loads from its
from its environment. environment.

o These responses always depend on how o These responses always depend on the
the individual perceives the pressures it material that makes up the specimen and
experiences. on its shape.

o The effects of stress on the human body: o The effects of stress on the specimen:

000000 <CLO00

o The main sources of stress:

Money: 76%, Work: 70%, Family: 58%;
Exams: 0%

o The main strategies for reducing stress:
Laughter; breathing, exercise; acceptance...
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What is stress?

“ In biology: “ In materials science:

o The set of responses produced by an o The set of responses produced by a part
organism when subjected to pressures when it is subjected to loads from its
from its environment. environment.

o These responses always depend on how o These responses always depend on the
the individual perceives the pressures it material that makes up the specimen and
experiences. on its shape.

o The effects of stress on the human body: o The effects of stress on the specimen:

o The main sources of stress: o The main sources of stress:

Money: 76%, Work: 70%, Family: 58%; Force; moments
Exams: 0%

o The main strategies for reducing stress:
Laughter; breathing, exercise; acceptance...
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What is stress?

“ In biology: “ In materials science:

o The set of responses produced by an o The set of responses produced by a part
organism when subjected to pressures when it is subjected to loads from its
from its environment. environment.

o These responses always depend on how o These responses always depend on the
the individual perceives the pressures it material that makes up the specimen and
experiences. on its shape.

o The effects of stress on the human body: o The effects of stress on the specimen:

o The main sources of stress: o The main sources of stress:

Money: 76%, Work: 70%, Family: 58%; Force; moments
Exams: 0% o The main strategies for reducing stress:
o The main strategies for reducing stress: Reducing load; geometry optimization;
Laughter; breathing, exercise; acceptance... stronger materials; better surface finish...
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What is stress?

“ In biology: “ In materials science:

o The set of responses produced by an o The set of responses produced by a part
organism when subjected to pressures when it is subjected to loads from its
from its environment. environment.

o These responses always depend on how o These responses always depend on the
the individual perceives the pressures it material that makes up the specimen and
experiences. on its shape.

o The effects of stress on the human body: o The effects of stress on the specimen:

o The main sources of stress: o The main sources of stress:

Money: 76%, Work: 70%, Family: 58%, Force; moments
Exams: 0% o The main strategies for reducing stress:
o The main strategies for reducing stress: Reducing load; geometry optimization;
Laughter; breathing, exercise; acceptance... stronger materials; better surface finish...

& Stress is the response to pressure, in organisms as in materials.
LIt is not a measurement!

30
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How to use the stress?
= Designing structures

“ This chair can support a mass of 200 kg.
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How to use the stress?

= Designing structures
% This chair can support a mass of 200 kg.

+* What about now?
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How to use the stress?
= Designing structures

“ This chair can support a mass of 200 kg.

+* What about now?

=We will design the chair so that it can withstand a load of 10 tons.
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How to use the stress?
= Designing structures

“ This chair can support a mass of 200 kg.

+* What about now?

=We will design the chair so that it can withstand a load of 10 tons.

“* We will apply a safety factor s:
Olimit
S

Oreal < Oallowable =
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How to use the stress?
= Designing structures

“ This chair can support a mass of 200 kg.

+* What about now?

=We will design the chair so that it can withstand a load of 10 tons.

“* We will apply a safety factor s:
Olimit
S

Oreal < Oallowable =

% Design must use the allowable stress to avoid any unpextec failure.
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The stress vector

“*What happens locally?
o M is a point on the surface (S).
o dS is an infinitesimally small

M n surface around M.
(dS) o nis the normal to ds.
Q) dF o dF is the forces acting on the
surface dS.
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The stress vector

“*What happens locally?
o M is a point on the surface (S).
o dS is an infinitesimally small

M n surface around M.
(dS) o nis the normal to ds.
Q) dF o dF is the forces acting on the
surface dS.

“*Surface density of the forces
applied on dS with normal n,

$M,n); AF dF

¢Mn) = fim 35 = a5

(unit: 1Pa=1Nm~ 2)
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The stress vector

“*What happens locally? “*Normal and shear stresses:
o M is a point on the surface (S).

o dS is an infinitesimally small
M n surface around M. M
(dS) o nis the normal to ds.
Q) dF o dF is the forces acting on the .
surface dS.
“*Surface density of the forces
applied on dS with normal n,

$M,n); AF dF

¢Mn) = fim 35 = a5

(unit: 1Pa=1Nm~ 2)

$¢(M,n) =on+ 1t
o o:. normal stress
o T:.shear stress
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The stress vector

“*What happens locally? “*Normal and shear stresses:
o M is a point on the surface (S).
o dS is an infinitesimally small

$¢(M,n) =on+ 1t

M . surface around M. o o:normal stress
(dS) o nis the normal to dS. o 7 shear stress
Q) dF o dF is the forces acting on the
surface dS.

sSurface density of the forces *INthe (M.ij k) basis:
applied on dS with normal n, GM,n = Q) = Oyyd + OyyJ + 0k

¢(M’ n)° AF dF oij: Stress on the face whose normal is i in direction j.

¢Mn) = lim 35~ a5

(unit: 1Pa=1Nm~ 2)
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

) - (=]

My=0
M
G dF
() dF
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

) - (=]

MM =0
% Let's transport this torsor into G near M: M
G dM; = 0 + GMxRyJ ~ dMy = GMxdF G dF
S) dF

LEM3 @i @ N\ 2 ot Prof. Antoine GUITTON



Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

) - (=]

MM =0
% Let's transport this torsor into G near M:
{dTCOh}Z{ dRG=RM=dF } { dRG—dF
BUT ¢p(M,n) = HE = dF = ¢p(M, n)dS
_ dR; = ¢(M,n)dS

coh
= {d7°"} = {dMG — GMxp(M, n)dS
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

- RM=dF}

% Let's transport this torsor into G near M: M
G dM; = 0 + GMxRy) ~ |dMy = GMxdF G dF
BUT ¢p(M,n) = %g = dF = ¢(M,n)dS (S) dF

cony dR; = ¢p(M,n)dS
= {dT5"} = {dMG = GMx¢p(M, n)dS}

BUT ¢(M,n = i) = 0yl + 0yyj + 04,k AND GM = xi + yj + zk

% After integration over (S): p

\
N; = ff 0, dS  Tp = ff(yaxz — zaxy)dS
R = ff (axxi + Oy + axzk)dS
{TGCOh} —
Mg = f f GMX(0yxi + 0Oyyj + 0y k)dS

AN
~~

Sey = ff OxydS Bg, =f (zoy, — x0,,)dS

S¢z = ff 0x,dS B, = ff(xaxy — yaxx)dS

\ y,
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

- RM=dF}

% Let's transport this torsor into G near M: M
G dM; = 0 + GMxRyJ ~ dMy = GMxdF G dF
BUT ¢p(M,n) = %g = dF = ¢(M,n)dS (S) dF

con1 dR; = ¢p(M,n)dS
= {d7°"} = {dMG = GMxp(M, n)dS}

BUT ¢(M,n = i) = 0yl + 0yyj + 04,k AND GM = xi + yj + zk

% After integration over (S): .

\
N; = ff 0, dS  Tp = ff(yaxz — ZO'xy)dS
R = ff (axxi + Oy + axzk)dS
{TGCOh} —
Mg = f f GMX(0yxi + 0Oyyj + 0y k)dS

A
~~

Sey = ff OxydS Bg, =f (zoy, — x0,,)dS

S¢z = ff 0x,dS B, = ff(xaxy — yaxx)dS

\ y,

& Very complex. Additional assumptions are needed about how stresses are distributed over (S).
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

- RM=dF}

% Let's transport this torsor into G near M: M
G dM; = 0 + GMxRyJ ~ dMy = GMxdF G dF
BUT ¢p(M,n) = %g = dF = ¢(M,n)dS (S) dF

con1 dR; = ¢p(M,n)dS
= {d7°"} = {dMG = GMxp(M, n)dS}

BUT ¢(M,n = i) = 0yl + 0yyj + 04,k AND GM = xi + yj + zk

% After integration over (S):

i Chap #2 Chap #4
NG - ff Gxde TG - ff(yo-xz Zaxy)ds
R; = ff (axxi + Oy + axzk)dS Chap #3 Chap #5
{TGCOh} — ={S¢y = ff OxydS Bgy = ff(zo_x — X0y,)dS }
Mg = ff GMX(axxi + Oy + axzk)dS Chap #3 Chap #5
S¢z = ff 0x,dS B, = f (xax yaxx)dS

\

& Very complex. Additional assumptions are needed about how stresses are distributed over (S).
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Thanks for your listening!

If you need further information:

Prof. Antoine GUITTON
Full Professor at Université de Lorraine
Phone (LEM3): +33 372 747 826

Email: antoine.quitton@univ-lorraine.fr

Website: www.antoine-quitton.fr

enim GCr

Ecole Nationale Ge.?.rgif
d'Ingénieurs de Metz ech.

LEM3 vegsie
LABORATOIRE D'ETUDE DES MICROSTRUCTURES DE LORRAINE

ET DE MECANIQUE
DES MATERIAUX
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