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Deformation measurement
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Deformation measure: twist rate

+* Reminder:

- 0 Ty
{:T)v(CO , OTSLOTl} — 0 0
0 O
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Deformation measure: twist rate

+* Reminder:

o 0 Ty
{:];(CO , orswn} — 0 O
0 O

r <

% Torsion angle:

o For a shaft of length L, the angle of torsion (¢)
corresponds to the rotation between the two
ends of the shaft.
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Deformation measure: twist rate

% Reminder: “ Why the angle of torsion (¢) is not a
0 7 suitable deformation measure?
gontorsion) {0 6(} o It depends on the shaft length (L).
0 0 o Even though the local deformation state is the
same.

r <

% Torsion angle:

o For a shaft of length L, the angle of torsion (¢)
corresponds to the rotation between the two
ends of the shaft.
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Deformation

+* Reminder:

. 0 Tx
{%coh,torszon =10 0
0 O

r <

% Torsion angle:

o For a shaft of length L, the angle of torsion (¢)

measure: twist rate

“ Why the angle of torsion (¢) is not a
suitable deformation measure?

o It depends on the shaft length (L).

o Even though the local deformation state is the
same.

* Twist rate

o It is defined as the angle of torsion per unit
length of the shaft:
dfp(X)
0(x) =

corresponds to the rotation between the two

ends of the shaft.
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o For uniform torsion (8(x) = 6):

d(p PL=¢
6=—= do = j@dx
5 p—0=0(L—0)=¢=0L
:9—£
L
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Stress
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Relationship between ¢ and the internal forces

«+ Cohesion torsor in M:

MM =0
% Let's transport this torsor into G near M: M
G dM; = 0 + GMXRy, dM; = GMxdF G dF
BUT ¢p(M,n) = %g = dF = ¢(M,n)dS (S) dF

con1 dR; = ¢p(M,n)dS
= {d7°"} = {dMG = GMxp(M, n)dS}

BUT ¢(M,n = i) = 0yl + 0yyj + 04,k AND GM = xi + yj + zk

% After integration over (S): . \
N; = ff OxxdS Te = ff(yaxz — ZO'xy)dS

R = ff (axxi + Oy + axzk)dS
Sey = ff OxydS Bg, =f (z0yy — x0,,)dS

A
~~

{TGCOh} —
Mg = f f GMX(0yxi + 0Oyyj + 0y k)dS

Sz = ff 0xzdS  Bg, = ff(xo—xy - yaxx)ds

\ y,

% Very complex. Additional assumptions are needed about how stresses are distributed over (S).
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How to calculate the stress?

J

¢ ?

k

Ty = ff(yaxz ZO'xy)dS

Equilibrium = My i = —Tyi
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How to calculate the stress?

Mext

Equilibrium = My i = —Tyi

% We cannot assume that ¢ is constant.
o After deformation, the point M located at a distance p from G, moves to M'.
o The line (CM") is distorted relative to the line (CM). This angular distortion defines the shear strain y.
o For small deformations, y is equal to the angular distortion between two initially parallel material fibers.
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How to calculate the stress?

Mext

Equilibrium = My i = —Tyi

% We cannot assume that ¢ is constant.
o After deformation, the point M located at a distance p from G, moves to M'.
o The line (CM") is distorted relative to the line (CM). This angular distortion defines the shear strain y.
o For small deformations, y is equal to the angular distortion between two initially parallel material fibers.

o Since the length along i remains unchanged, the axial strain is zero: e, = 0

& ¢ has no normal component. ¢(M,n = i) = tt.
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How to calculate the stress?

% Stress-twist rate relationship:

M;W ~ @ = @p = MM' and tany=MiW

tan @ =

Q
~<
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How to calculate the stress?

% Stress-twist rate relationship:

M;W ~ @ = @p = MM' and tany=MiW
@

$g0p=)/L,bUt9=z

tan @ =
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How to calculate the stress?

% Stress-twist rate relationship:

tangon;W z(p:(pp=MM'andtan)/=M£/l =y
= @p=yLbuto =2

= 0p =y,butt = Gy
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How to calculate the stress?

% Stress-twist rate relationship:

tangon;W z(p:(pp=MM'andtan)/=M£/l =y
= @p=yLbuto =2

= 0p =y,butt = Gy

Y 1T =GOp

2(p)

The shear stress () is
maximum at the outer surface.

Sciences et
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How to calculate the stress?

% Stress-torque relationship:
The stress vector: ¢p(M, i) = tt = GOpt
The torque: M,y = M,y
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How to calculate the stress?

% Stress-torque relationship:
The stress vector: ¢p(M, i) = tt = GOpt
The torque: M,y = M,y

M, = ﬂ GMx¢p(M,i)dS = ﬂ puXGOptdS = Jf GOp?vxtdS = ff GOp?idS
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How to calculate the stress?

% Stress-torque relationship:
The stress vector: ¢p(M, i) = tt = GOpt
The torque: M,y = M,y

M, = ﬂ GMx¢p(M,i)dS = ﬂ pvXGHptdS = U GOp?vxtdS = ff GOp?idS

=M, =G0 ff p2dSi

Mext Mooyt Mext I is the polar moment
= — = = = G P
% T ff p2 dS p Ig p Tmax Ig R of inertia
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How to calculate the polar moment of inertia?

IG == jj pZdS

+» Definition:

*»* For a full shaft:
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How to calculate the polar moment of inertia?

I; = ﬂ p2ds
o= [[ a5 = [ otpao = [[orapis /T O\
N

2T T[D4
IG = j 3dp XJ do = —
. 32

+» Definition:

*»* For a full shaft:

LEM3 @i @ N\ S Fetiors Prof. Antoine GUITTON



How to calculate the polar moment of inertia?

IG == jj pZdS
= fss= o= rwn (TN

2T
IG = j 3dp XJ dg =
. 32

*»* For a tube: \ \ '
D d
=10 —¢="0 T ‘
32 32 "
I

+» Definition:

*»* For a full shaft:

_ n(D*—d*)
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How to calculate the polar moment of inertia?

IG == jj pZdS
— 2 — 2 — 3
= s o= run (TN
: N
= 2T

+» Definition:
** For a full shaft;:

mD*

2
IG:j p3dp x do = —
0 0 32

* For a tube: \ \ '
D Td
I, =10 — 18 =— — ‘
: : "
_ n(D*—d*)

G 32

& I; depends on the cross-section shape. There are data sheets for complicated shapes.
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Torsion testing
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Principle of torsion test

“* Objective:

o Characterize the material response under
torsional loading

o Determine the shear stress distribution
and the maximum shear stress

o Determine the torsional strength and
failure torque
¢ Principle:

o Application of a torque (twisting moment)
about the longitudinal axis of the
specimen

o Relative rotation of cross-sections along
the shaft

o Induces shear stresses that vary with the
radial position

o Ideally produces pure torsional
deformation (pure shear state)
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Use of results

% Engineering shear stress-twist rate curve (ductile material):

o The vertical axis represents the engineering shear stress (z),
evaluated at the outer surface of the shaft.
Mapplied

>

Tmax i R
G

o The horizontal axis represents the twist rate (), defined
using the initial geome(})ry.

9 =~
L

Maximum shear stress (T,,,4)

Twist rate (@)
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Use of results

% Engineering shear stress-twist rate curve (ductile material):

o The vertical axis represents the engineering shear stress (z),
evaluated at the outer surface of the shaft.
_ Mapplied

G
= : o The horizontal axis represents the twist rate (8), defined
S : using the initial geometry.
g ; g=?
) i L
A % Elastic region (r < 7, = 60%R,):
g 60%R, =~ T,! o The initial linear part corresponds to the elastic regime.
v o Shear stress and strain are proportional (Hooke's law):
E T =Gy, = Gpo,
g o Deformation is fully reversible upon unloading.
wn o The slope of the torque-twist curve is given by: GI;.
& o The elastic limit is reached at the yield stress, 7,.
)
=
>
>
Oc Twist rate (0)
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Use of results

% Engineering shear stress-twist rate curve (ductile material):

o The vertical axis represents the engineering shear stress (z),
evaluated at the outer surface of the shaft.
_ Mapplied

o The horizontal axis represents the twist rate (), defined

i

R

S using the initial geometry.

g p=2
) L
A J railure < Elastic region (7 < 7, ~ 60%R,):
g / o The initial linear part corresponds to the elastic regime.
v o Shear stress and strain are proportional (Hooke's law):
| - — —
© / N T =Gy, = Gpb,
g < o Deformation is fully reversible upon unloading.
%) /8’8 o The slope of the torque-twist curve is given by: G1;.
E / §' 0=0,+ ep o The elastic limit is reached at the yield stress, 7,.
> $
- P % Plastic region (t > 7, = 60%R,):
;cé o Deformation becomes irreversible.
S / o Plasticity initiates at the outer surface of the shaft.

I o The plastic zone progressively propagates towards the
) 9 > center.
e p Twist rate (0) o Unloading from this region follows a linear elastic path.

o After unloading, a permanent plastic twist (6,) remains.
o Torsion allows significant plastic deformation before failure.
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Summary

equations limit

E,v

jL_>l.

k
LEM3 @

Tension Exx > 0

Compression Exx <0
Shear Vay
Torsion 2

mere @ N\ A et

Oun = — Oxx = E€xy
xx Ax €22 = Eyy = —VExy
N Oy = E€
O —_- < 0 xx — XX
XX Ax Eyp = gyy = —VExy
. » S X,y Txy = GEny
Xy — _
Ay C=a v
Tx
T=—
7,06 =0 I;”
T=G0Op

E,v

G,1;
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Thanks for your listening!

If you need further information:

Prof. Antoine GUITTON
Full Professor at Université de Lorraine
Phone (LEM3): +33 372 747 826

Email; antoine.quitton@univ-lorraine.fr

Website; www.antoine-quitton.fr
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